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Abstract
It is proved that any algebra fully graded by a finite group over a complete discrete valuation ring with
an algebraically closed residue field of characteristic a prime p is Morita equivalent to an embedded graded
subalgebra which is a crossed product; and an explicit way to get a decomposition of unity with a bounded
length is shown. When the finite group is p-solvable, a theorem of Fong’s type for fully graded algebras is
obtained.
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1. Introduction
1.1. Let O be a complete discrete valuation ring with an algebraically closed residue field k
of characteristic p where p is a prime; it is allowed that O = k. Any O-algebra A in this paper is
unitary and O-free of finite O-rank; but note that a subalgebra B of A is not necessarily unitary
and the unity 1B of B is an idempotent of A, and B is called an embedded subalgebra of A if
B = 1BA1B . Let G be a finite group.
P. Fong in [4] showed that if G is p-solvable, then every projective indecomposable
OG-module is isomorphic to an induced module from a module of a Hall p′-subgroup. Con-
versely, as illustrated in [2, Example 13], the induced module of an indecomposable module
of a Hall p′-subgroup is not necessarily indecomposable; a natural question emerges: what is
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for π -separable groups. And [5] exhibited a G-algebra approach of the questions. As shown in
Ref. [2], it is more interesting to consider the questions of the Fong’s type for group graded alge-
bras; and [2] gave a complete answer for crossed products, which covers the G-algebra approach
of the questions. Later, [3] gave an answer for general graded algebras which are not necessarily
fully graded.
In this paper we are concerned about the situation of fully graded algebras. The study of the
question turns out a result of general interesting on group graded algebras: any fully G-graded
algebra is Morita equivalent to an embedded graded subalgebra which is a crossed product of G;
and the decomposition of unity of the fully graded algebra can be obtained explicitly by means
of such subalgebras. This fact allows to translate to fully graded algebras any result on crossed
products in terms of Morita equivalence classes. Consequently, the result of [2] is translated to
the fully graded case.
1.2. Recall that a point α on an O-algebra A means an A∗-conjugacy class of primitive
idempotents on A, where A∗ denotes the multiplicative group consisting of the invertible ele-
ments of A; and P (A) denotes the set of the points on A. For any non-zero idempotent e there
is an orthogonal set Ie ⊂⋃α∈P (A) α such that e =∑i∈Ie i; and the number meα = |Ie ∩ α| is
independent of the choice of the orthogonal set Ie, and is called the multiplicity of the point α
at e. If meα = meβ for any α,β ∈ P (A), we call e an isotypic idempotent of A; at that case, the
embedded subalgebra B = eAe is Morita equivalent to A in a natural way, see (2.2.2) below. In
particular, if meα = 1 for any α ∈ P (A), we call e a basic idempotent of A.
An O-algebra A is said to be G-graded if A has O-submodules Ax indexed by x ∈ G such
that A =⊕x∈G Ax and AxAy ⊆ Axy for all x, y ∈ G. For S ⊆ G the submodule AS =⊕s∈S As
is called the S-component of A; in particular, Ax for x ∈ G is named the x-component of A.
Observe that the 1-component A1 must be an unitary subalgebra of A, cf. [6]. A G-graded algebra
A is said to be fully G-graded if AxAy = Axy for all x, y ∈ G; and A is said to be a crossed
product of G over A1 if for each x ∈ G there is an xˆ ∈ Ax ∩ A∗ such that Ax = A1xˆ.
1.3. Theorem. Let A be a G-graded O-algebra and e1 be an isotypic idempotent of the
1-component A1. Then B = e1Ae1 is a graded subalgebra of A which is Morita equivalent to A,
and A is a fully G-graded if and only if B is a crossed product of G over B1.
1.4. Let A be a fully G-graded algebra. For any x ∈ G, inasmuch as AxAx−1 = A1, there
are a
(1)
x , . . . , a
(n)
x ∈ Ax and b(1)x−1 , . . . , b
(n)
x−1 ∈ Ax−1 such that 1 =
∑n
i=1 a
(i)
x b
(i)
x−1 , which is called
a decomposition of unity at x, and we denominate n the length of the decomposition. In A1
we consider the multiplicity m1α of any α ∈ P (A1) at the unity element 1, and denote mmax =
max{m1α | α ∈ P (A1)} and mmin = min{m1α | α ∈ P (A1)}, and set
d = mmax/mmin	
which denotes the least integer not less than mmax/mmin. As a corollary, for any x ∈ G we show
a way to find a decomposition of unity at x of length bounded by d .
1.5. Theorem. With notation as above, at any x ∈ G there is a decomposition of unity of length
at most d .
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sense; for example, let G = {1, x} be a group of order 2, and the matrix algebra A = M4(k) =
A1 ⊕ A2 where
A1 =
⎧⎪⎨
⎪⎩
⎛
⎜⎝
a11
a22 a23 a24
a32 a33 a34
a42 a43 a44
⎞
⎟⎠
∣∣∣∣∣ aij ∈ k
⎫⎪⎬
⎪⎭
and
Ax =
⎧⎪⎨
⎪⎩
⎛
⎜⎝
a12 a13 a14
a21
a31
a41
⎞
⎟⎠
∣∣∣∣∣ aij ∈ k
⎫⎪⎬
⎪⎭ ;
then it is easy to verify that A is a fully G-graded k-algebra, and the length of decomposition
of unity at x is at least 3, since for any a, b ∈ Ax the bottom right 3 × 3 block of ab has rank at
most 1.
1.7. Let A =⊕x∈G Ax be a fully G-graded O-algebra. Recall from [2] that the divisor
monoid D(A) of A is the free additive monoid generated by the set P (A), and D(A) is isomor-
phic to the positive part of the Grothendieck group of A. Let K and H be any subgroups of G
with K ⊆ H . Then the inclusion map AK → AH induces a monoid homomorphism
ιAK,H :D(AK) → D(AH ) (1.7.1)
which sends any point β ∈ P (AK) to ∑α∈P (AH ) mjα · α ∈ D(AH ), where j ∈ β; see 1.2 above
or cf. [2, Section 4]. In particular, setting Hx = H ∩ Hx for x ∈ G where Hx = x−1Hx, we have
a monoid homomorphism
ιAH =
⊕
x∈G
ιAHx,H :
⊕
x∈G
D(AHx ) → D(AH ). (1.7.2)
Further, any α ∈ P (AKx ) determines a minimal idempotent ideal mα = AKxαAKx of AKx ,
see (2.1.3) below. And AxmαAx−1 is obviously an idempotent ideal of AK ; conversely, it is clear
that Ax−1(AxmαAx−1)Ax = mα ; that is, AxmαAx−1 is a minimal idempotent ideal of AK , and
determines a point of AK , denoted by αx
−1
. In this way we have a bijection P (AKx ) → P (AK),
hence we get a monoid isomorphism
κAK,x :D(AKx ) → D(AK). (1.7.3)
Then we have a monoid homomorphism
κAH =
⊕
x∈G
ιAH
x−1 ,H
◦ κAH
x−1 ,x
:
⊕
x∈G
D(AHx ) → D(AH ). (1.7.4)
Once these are settle down, by Theorem 1.3, the main result of [2] can be translated:
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O-algebra, and let H be a Hall p′-subgroup of G. Then the following is a coequalizer diagram:
⊕
x∈G
D(AHx )
ιAH−→−→
κAH
D(AH )
ιAH,G−→ D(AG). (1.8.1)
1.9. In Subsections 2.1–2.3 we show necessary notation and preliminaries as preparations.
After some lemmas, Theorem 1.3 follows in 2.7; and Theorem 1.5 will be proved in Subsec-
tion 2.8. At last, some explanations are made for 1.7.
2. Proofs
2.1. Let p, O, k and G always be the same as in 1.1. Let A be an O-algebra, and a ∈ A.
Denote A¯ = A/J(A) where J (A) denotes the Jacobson radical of A. Noting that 1 + r ∈ A∗ (i.e.
1 + r is invertible) for any r ∈ J (A), we have the following:
(2.1.1) a ∈ A∗ if and only if its residual image a¯ ∈ A¯∗.
Further, the residual image α¯ of a point α ∈ P (A) is a point of A¯, and P (A) → P (A¯), α → α¯, is
a bijection. The residue algebra A/J(A) is semisimple, i.e. a direct product of simple k-algebras;
each of the simple factors corresponds exactly one point α ∈ P (A), and the multiplicity mα = m1α
of α at the unity 1, called the multiplicity of α in A, is preserved in the residue algebra A/J(A);
i.e.
A/J(A) ∼=
∏
α∈P (A)
Mmα(k), (2.1.2)
where Mmα(k) denotes the matrix algebra over k of order mα ; cf. [8, Section 2]. Namely, each
point α on A corresponds exactly to one irreducible A-module and mα is the multiplicity of the
irreducible module appearing in the regular A-module. For α ∈ P (A), from (2.1.2) it is easy
to see that mα = AαA = {∑aia′ | i ∈ α, a, a′ ∈ A} is a minimal idempotent ideal of A which
corresponds to Mmα(k) in (2.1.2), and in this way we have
(2.1.3) the mα’s for α ∈ P (A) are exactly all minimal idempotent ideals of A.
2.2. Let B be a subalgebra of A. For β ∈ P (B) take j ∈ β , then in A the multiplicity mjα
for α ∈ P (A) is independent of the choice of j ∈ β , hence we can denote it by mβα ; please
consult [8, Section 2] for detail. In this way, the inclusion map B → A always induces a monoid
homomorphism
D(B) → D(A), β →
∑
α∈P (A)
mβα · α. (2.2.1)
We remark that the ιAK,H in (1.7.1) is just such a homomorphism.
Next, let e be an idempotent of the algebra A and assume B = eAe. For any α ∈ P (A), if
meα = 0 then eAe ∩ α is a point on eAe and meα is just the multiplicity of the point eAe ∩ α
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a point β ∈ P (B) to a point α ∈ P (A) fulfilling that β ⊂ α. And then, the homomorphism
in (2.2.1) is injective in this case. For the above, please refer to [8]; and the following is known
in [8, Proposition 2.7]:
(2.2.2) The following three statements are equivalent:
(i) eAe ∩ α = ∅ for all α ∈ P (A);
(ii) A is Morita equivalent to eAe by sending an A-module M to the eAe-module eM ;
(iii) AeA = A.
If meα = meβ = m = 0 for all α,β ∈ P (A), then we call e an isotypic idempotent of A of
multiplicity m. Further, if the unity 1 of A is an isotypic idempotent of multiplicity m, then A is
named to be isotypic of multiplicity m.
2.3. Let A =⊕x∈G Ax be a G-graded O-algebra. It is easy to see that:
(2.3.1) A is fully graded if and only if AxAx−1 = A1 for all x ∈ G.
If c ∈ A∗, then multiplication by c produces a bijection A → A, a → ac. From this fact it is easy
to descry that:
(2.3.2) If ax ∈ Ax ∩ A∗, then a−1x ∈ Ax−1 and Ax = A1ax .
An ideal I of A is said to be graded if I =⊕x∈G Ix with Ix = Ax ∩ I ; at that case, A/I is
a graded algebra with x-component isomorphic to Ax/Ix . It is well known that AJ(A1)A is a
graded ideal of A contained in J (A); cf. [1, Lemma 7]. On the other hand, if e is an idempotent
of A1, then eAe =⊕x∈G eAxe is an embedded and graded subalgebra of A; moreover, we have:
2.4. Lemma. If A is a G-graded algebra and e is an idempotent of A1 such that eA1e is Morita
equivalent to A1, then
(i) eAe is Morita equivalent to A;
(ii) eAe is fully graded if and only if A is fully graded.
Proof. By assumption we have A1eA1 = A1, see (2.2.2); so AeA = A · (A1eA1) · A =
AA1A = A, and by (2.2.2) again, eAe is Morita equivalent to A.
If A is fully graded, for any x ∈ G we have eAxe · eAx−1e = eAx · (A1eA1) · Ax−1e =
eAxA1Ax−1e = eA1e, therefore eAe is fully graded with x-component eAxe.
Conversely assume that eAe =⊕x∈G eAxe is fully graded. By the assumption of the lemma,
for any x ∈ G we have
Ax = A1AxA1 = A1eA1AxA1eA1 = A1e(A1AxA1)eA1 = A1eAxeA1;
hence for any x, y ∈ G we have
AxAy = A1eAxeA1A1eAyeA1 ⊇ A1eAxeeAyeA1 = A1eAxyeA1 = Axy;
that is, A is fully graded. 
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plicity 1, then A is a crossed product of G over A1.
Proof. First we assume that A1 is semisimple. Then O = k and A1 is commutative and every
point of A1 contains exactly one primitive idempotent i; cf. (2.1.2). Instead of {i} ∈ P (A1),
we write i ∈ P (A1) for convenience. So we have that A1 =⊕i∈P (A1) ki, where ki is the 1-di-
mensional ideal of A1 generated by i; and any ideal of A1 is idempotent. So, for any x ∈ G, we
gain that
AxAx−1 = A1 =
⊕
i∈P (A1)
ki = Ax
( ⊕
i∈P (A1)
ki
)
Ax−1 .
On one hand, let i ∈ P (A1), if AxiAx−1 = 0, then ki = A1iA1 = Ax−1AxiAx−1Ax = 0, which is
a contradiction. Therefore, AxiAx−1 = 0 for all i ∈ P (A1). On the other hand, if i = i′ ∈ P (A1)
then AxiAx−1 · Axi′Ax−1 = 0. In virtue of (2.1.2) we get that
⊕
i∈P (A1)
AxiAx−1 =
⊕
i∈P (A1)
ki
and AxiAx−1 = 0 for all i ∈ P (A1). Namely, there exists a permutation ρ of P (A1) such that
Axi · iAx−1 = AxiAx−1 = k · ρ(i), ∀i ∈ P (A1).
Hence there are ax,i ∈ Axi and bi,x−1 ∈ iAx−1 such that ax,ibi,x−1 = λ · ρ(i) with 0 = λ ∈ k;
replacing ax,i by λ−1ax,i , we acquire ax,i ∈ Axi and bi,x−1 ∈ iAx−1 such that
ax,ibi,x−1 = ρ(i).
Let
ax =
∑
i∈P (A1)
ax,i and bx−1 =
∑
i∈P (A1)
bi,x−1 .
Noting that the idempotents of P (A1) are orthogonal to each other, one can check that
axbx−1 =
∑
i∈P (A1)
ρ(i) =
∑
i∈P (A1)
i = 1.
Since A is a finite-dimensional k-algebra, such ax is an invertible element of A. Therefore,
Ax = A1ax , and A =⊕x∈G A1ax is a crossed product of G.
For the general case, taking I = AJ(A1)A which is a graded ideal contained in J (A), we have
the residue algebra A¯ = A/I =⊕x∈G A¯x which is fully G-graded with semisimple 1-component
A¯1 = A1/J (A1) which is isotypic of multiplicity 1. Thus, for any x ∈ G, there exists a¯x ∈ A¯∗ ∩
A¯x ; by the surjection Ax → A¯x we can choose an inverse image ax of a¯x in Ax . By using
of (2.1.1) we see that ax ∈ A∗ ∩Ax . Then Ax = A1 · ax for any x ∈ G and A is a crossed product
of G over A1. 
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crossed product of G over A1.
Proof. Let P (A1) = {α1, . . . , αh}. By the assumption, in A1 we obtain an orthogonal primitive
decomposition of 1 as follows:
1 = e11 + · · · + e1m + · · · + eh1 + · · · + ehm (2.6.1)
such that est ∈ αs for s = 1, . . . , h and t = 1, . . . ,m. Consequently,
et = e1t + · · · + eht , t = 1, . . . ,m,
are basic idempotents of A1; hence, for each t = 1, . . . ,m, the embedded subalgebra etAet is
fully G-graded too, see 2.4, and its 1-component etA1et is isotypic of multiplicity 1. By the above
lemma, for any x ∈ G we have at,x ∈ etAxet and bt,x−1 ∈ etAx−1et fulfilling that at,xbt,x−1 =
et = bt,x−1at,x . Let
ax = a1,x + · · · + am,x, bx−1 = b1,x−1 + · · · + bm,x−1 .
Since at,x = etat,xet and bt,x−1 = etbt,x−1et for t = 1, . . . ,m, and e1, . . . , em are orthogonal to
each other, it is evident that
axbx−1 = a1,xb1,x−1 + · · · + am,xbm,x−1 = e1 + · · · + em = 1.
We can get bx−1ax = 1 in the same way. Namely, ax ∈ Ax ∩A∗. As a result, A =
⊕
x∈G A1ax is
a crossed product of G over A1. 
2.7.
Proof of Theorem 1.3. It follows from Lemma 2.4 and Corollary 2.6. 
2.8.
Proof of Theorem 1.5. By the assumption, in A1 we have a set I of orthogonal primitive idem-
potents such that 1 =∑e∈I e and |α ∩ I |mmax for all α ∈ P (A1).
First, we can take I1 ⊆ I such that for any α ∈ P (A1) we have |α ∩ I1| = mmin. Let I (1) =
I − I1 and denote
m(1)max = max
α∈P (A1)
∣∣α ∩ I (1)∣∣= mmax − mmin.
If m(1)max > 0, take I2 ⊆ I (1) such that
|α ∩ I2| =
{
mmin, if |α ∩ I (1)|mmin,
|α ∩ I (1)|, if |α ∩ I (1)| < mmin,
∀α ∈ P (A1).
Let I (2) = I (1) − I2; then either I (2) = ∅ or
m(2)max = max
∣∣α ∩ I (2)∣∣= mmax − 2mmin > 0.
α∈P (A1)
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1 t  d and for any α ∈ P (A1) we have |α ∩ It |mmin. So we can find Jt with It ⊆ Jt ⊆ I
fulfilling that
|α ∩ Jt | = mmin, ∀α ∈ P (A1).
Let ft =∑e∈It e and f ′t =∑e∈Jt e; then ftf ′t = ft = f ′t ft , and f ′t is an isotypic idempotent
on A1 of multiplicity mmin; by Corollary 2.6, for any x ∈ G, we attain an a′t,x ∈ Ax and a b′t,x−1 ∈
Ax−1 such that f ′t = a′t,xb′t,x−1 . Putting at,x = fta′t,x ∈ Ax and bt,x−1 = b′t,x−1ft ∈ Ax−1 , we have
ft = at,xbt,x−1 . So we have
1 =
∑
e∈I
e =
d∑
t=1
∑
e∈It
e =
d∑
t=1
ft =
d∑
t=1
at,xbt,x−1 ,
which is a decomposition at x ∈ G of the unity with length at most d . And the proof of Theo-
rem 1.5 is complete. 
2.9. Let A =⊕x∈G Ax be a fully G-graded O-algebra and e1 be a basic idempotent on its
1-component A1; set B = e1Ae1. Then, by Theorem 1.3, B is a crossed product of G over B1; so
for any x ∈ G we take xˆ ∈ Bx ∩B∗ such that B =⊕x∈G B1xˆ. Further, for any subgroup H of G,
by Theorem 1.3 again, the H -component BH = e1AHe1 is Morita equivalent to AH . By (2.2.1)
and (2.2.2) we have a natural isomorphism
δH :D(BH )
∼=−→ D(AH ). (2.9.1)
Let K be a subgroup of G. In B =⊕x∈G B1xˆ, each xˆ induces by conjugation an automorphism
of B , it maps BKx onto BK , and sends a point β ∈ P (BKx ) to a point xˆβxˆ−1 = {xˆj xˆ−1 | j ∈ β}
on BK , hence, it induces a monoid isomorphism
D(BKx ) → D(BK), β → xˆβxˆ−1, (2.9.2)
which is the conjugation map defined in [2]. In notation of 1.7, it is easy to see that
BxmβBx−1 = BxBKxβBKxBx−1 = BKxˆβxˆ−1BK ;
that is, the map (2.9.2) coincides with the isomorphism κBK,x defined in (1.7.3) for B . Thus every
thing in [2] is translated into fully graded algebras; in particular, we have a commutative diagram
of monoids:
⊕
x∈G
D(BHx )
ιBH
κBH⊕
x∈G
δHx
D(BH )
ιBH,G
δH
D(BG)
δG
⊕
x∈G
D(AHx )
ιAH
κAH
D(AH )
ιAH,G
D(AG)
(2.9.3)
G. Chen, Y. Fan / Journal of Algebra 301 (2006) 165–173 173where the top line is, by the main result of [2], a coequalizer diagram; hereby the bottom line is
a coequalizer too. That is the statement of Theorem 1.8.
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